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SOME EQUATIONS WITH FEATURES OF DIGIT REVERSAL
AND POWERS
GEOFFREY B CAMPBELL AND ALEKSANDER ZUJEV
Abstract. In this paper we consider integers in base 10 like abc, where a, b, c
are digits of the integer, such that abc2 − (abc · cba) = ±n2, where n is a positive
integer, as well as equations abc2−(abc·cba) = ±n3, and abc3−(abc·cba) = ±n2
We consider asymptotic density of solutions. We also compare the results with
ones with bases different from 10.
1. Introduction
The following are some examples of the Diophantine equation
(1.1) abc2 − (abc · cba) = ±n2
Examples of (1.1):
5282 − (528 · 825) = −3962
539− (539 · 935) = −4622
825− (825 · 528) = 4952
1296− (1296 · 6921) = −27002
. There is a similar Diophantine equation to (1.1), namely.
(1.2) abc2 − (abc · cba) = ±n3
Examples of (1.2):
482 − (48 · 84) = −123
27442 − (2744 · 4472) = −1653
56322 − (5632 · 2365) = 2643
71282 − (7128 · 8217) = −1983.
There is a similar Diophantine equation to (1.1) and (1.2), namely
(1.3) abc3 − (abc · cba) = ±n2
Examples of (1.3):
1013 − (101 · 101) = 10102
6263 − (626 · 626) = 156502
2. Main Results
2.1. Computational results.
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2.1.1. Equation (1.1). Solutions to (1.1) under 530000:
5282 − 528 · 825 = −3962
5392 − 539 · 935 = −4622
8252 − 825 · 528 = 4952
12962 − 1296 · 6921 = −27002
212962 − 21296 · 69212 = −319442
359042 − 35904 · 40953 = −134642
392042 − 39204 · 40293 = −65342
514832 − 51483 · 38415 = 259382
832592 − 83259 · 95238 = −315812
1007932 − 100793 · 397001 = −1727882
1202132 − 120213 · 312021 = −1518482
1310432 − 131043 · 340131 = −1655282
1840932 − 184093 · 390481 = −1949222
1975162 − 197516 · 615791 = −2874302
2148962 − 214896 · 698412 = −3223442
2404262 − 240426 · 624042 = −3036962
2436752 − 243675 · 576342 = −2847152
2471922 − 247192 · 291742 = −1049402
2512562 − 251256 · 652152 = −3173762
2524862 − 252486 · 684252 = −3301742
2620862 − 262086 · 680262 = −3310562
2979922 − 297992 · 299792 = −231602
3247232 − 324723 · 327423 = −296102
3446192 − 344619 · 916443 = −4439162
3480752 − 348075 · 570843 = −2784602
3606392 − 360639 · 936063 = −4555442
3714692 − 371469 · 964173 = −4692242
3802082 − 380208 · 802083 = −4005002
3822992 − 382299 · 992283 = −4829042
3846592 − 384659 · 956483 = −4689962
3956042 − 395604 · 406593 = −659342
4517372 − 451737 · 737154 = −3590732
4561872 − 456187 · 781654 = −3853232
5227292 − 522729 · 927225 = −4598282
5239082 − 523908 · 809325 = −3866942
5256252 − 525625 · 526525 = −217502
5285282 − 528528 · 825825 = −3963962
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• Note that all three-digit numbers are multiples of 11:
abc2 − abc · cba = 99abc(a− c) = ±n2 must be multiple of 112, so abc must be
multiple of 11.
• Note the solutions 528 and 528528. It is an instance of general rule:
If n-digit number a is a solution of (1.1), then so is aa...a, k times concatenation
of a. It is simply proved, if consider that aa...a = ((10nk−1)/(10n−1)). Considering
that ”n-digit number” may be interpreted widely - as have leading zeros, then we
have as solutions also a0a0...a, a00a00...a, etc.
We therefore have an infinite number of solutions of (1.1).
2.1.2. Equation (1.2). Solutions to (1.2) under 108:
482 − 48 · 84 = −123
27442 − 2744 · 4472 = −1683
41252 − 4125 · 5214 = −1653
56322 − 5632 · 2365 = 2643
71282 − 7128 · 8217 = −1983
480002 − 48000 · 84 = 13203
491522 − 49152 · 25194 = 10563
1481372 − 148137 · 731841 = −44223
2732732 − 273273 · 372372 = −30033
3216512 − 321651 · 156123 = 37623
4568762 − 456876 · 678654 = −46623
4831532 − 483153 · 351384 = 39933
9990002 − 999000 · 999 = 99903
36522642 − 3652264 · 4622563 = −152463
54128252 − 5412825 · 5282145 = 89103
639360002 − 63936000 · 63936 = 1598403
(2.1)
•Note the solutions 999000. It is part of a family of solutions 999000, 999999000000,
..., or 103k(103k − 1). Therefore, there is an infinite number of solutions of (1.2).
And this works for any base. For instance, in ternary system, equivalent solutions
are 222000, 222222000000, ..., or, in base b, b3k(b3k − 1).
2.1.3. Equation (1.3). Solutions to (1.3) under 107:
1013 − 101 · 101 = 10102
6263 − 626 · 626 = 156502
100013 − 10001 · 10001 = 10001002
10000013 − 1000001 · 1000001 = 10000010002
10404013 − 1040401 · 1040401 = 10612090202
22171223 − 2217122 · 2217122 = 33012946582
50535053 − 5053505 · 5053505 = 113602792402
(2.2)
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Notice that all solutions to (1.3) are symmetric numbers. It is easily explained. If
number m is symmetric, then
m3 −m2 = m2(m− 1) = n2, or m− 1 = k2.
This has solutions more common, than when m is not symmetric.
A family of symmetric solutions is 102k + 1:
(2.3) (102k + 1)3 − (102k + 1)2 = ((102k + 1)10k)2
Therefore, there is an infinite number of symmetric solutions of (1.3).
2.2. Results for bases different from 10. We looked for solutions to (1.3) in
bases 3 - 9. We show results for bases 3 and 4.
Solutions in base 3 under 107:
101b3 10
3
− 10 · 10 = 302
222b3 26
3
− 26 · 26 = 1302
10001b3 82
3
− 82 · 82 = 7382
11202b3 128
3
− 128 · 184 = 14402
1000001b3 730
3
− 730 · 730 = 197102
2112112b3 1850
3
− 1850 · 1850 = 795502
100000001b3 6562
3
− 6562 · 6562 = 5315222
101101101b3 7570
3
− 7570 · 7570 = 6585902
222212222b3 19601
3
− 19601 · 19601 = 27441402
10000000001b3 59050
3
− 59050 · 59050 = 143491502
10112121101b3 69697
3
− 69697 · 69697 = 184000082
1000000000001b3 531442
3
− 531442 · 531442 = 3874212182
2221000001222b3 1555010
3
− 1555010 · 1555010 = 19390974702
100000000000001b3 4782970
3
− 4782970 · 4782970 = 104603553902
100011000110001b3 4862026
3
− 4862026 · 4862026 = 107207673302
101102202201101b3 5546026
3
− 5546026 · 5546026 = 130608912302
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Solutions in base 4 under 107:
11b4 5
3
− 5 · 5 = 102
22b4 10
3
− 10 · 10 = 302
101b4 17
3
− 17 · 17 = 682
1001b4 65
3
− 65 · 65 = 5202
2222b4 170
3
− 170 · 170 = 22102
10001b4 257
3
− 257 · 257 = 41122
11011b4 325
3
− 325 · 325 = 58502
20102b4 530
3
− 530 · 530 = 121902
100001b4 1025
3
− 1025 · 1025 = 328002
112211b4 1445
3
− 1445 · 1445 = 549102
202202b4 2210
3
− 2210 · 2210 = 1038702
223322b4 2810
3
− 2810 · 2810 = 1489302
1000001b4 4097
3
− 4097 · 4097 = 2622082
10000001b4 16385
3
− 16385 · 16385 = 20972802
10100101b4 17425
3
− 17425 · 17425 = 23001002
100000001b4 65537
3
− 65537 · 65537 = 167774722
101202101b4 71825
3
− 71825 · 71825 = 192491002
110202011b4 84101
3
− 84101 · 84101 = 243892902
1000000001b4 262145
3
− 262145 · 262145 = 1342182402
2212332122b4 683930
3
− 683930 · 683930 = 5656101102
10000000001b4 1048577
3
− 1048577 · 1048577 = 10737428482
10010001001b4 1065025
3
− 1065025 · 1065025 = 10991058002
10122222101b4 1157777
3
− 1157777 · 1157777 = 12457680522
11002320011b4 1322501
3
− 1322501 · 1322501 = 15208761502
100000000001b4 4194305
3
− 4194305 · 4194305 = 85899366402
100120021001b4 4293185
3
− 4293185 · 4293185 = 88954793202
112120021211b4 5866085
3
− 5866085 · 5866085 = 142076578702
203122221302b4 9284210
3
− 9284210 · 9284210 = 282889878702
We can see that almost all solutions are symmetric numbers. We discussed this
for the base 10. We here also see a family of symmetric solutions 102k +1, where 10
is a base - 3 and 4 in decimal. This solution works in any base. Therefore, there is
an infinite number of symmetric solutions of (1.3) in any base.
2.3. Asymptotic density of solutions. We’ll briefly discuss the density of the
solutions for equations (1.1 - 1.3).
The first estimate of the density of the solutions for equation (1.1) is to assume
that abc2 − abc · cba is a (quasi)random number. The probability that the random
number of the order n2 is a perfect square is about 1
2n
. Then the number of solutions
under n is approximately 1
2
log(n). In fact, we have the number of solutions under
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105 : 9; under 106 : 54; under 107 : 96; under 108 : 176; It may be approximately
logarithmic dependence, but a few times more than predicted.
Similar estimate for the density of the solutions for equation (1.2) gives for the
density of solutions 1
3n4/3
and for the number of solutions under n 1− 1
n1/3
. Actually,
there are 16 solutions under 108.
And the estimate for the density of the solutions for equation (1.3) gives for the
density of solutions 1
2n3/2
and for the number of solutions under n 1− 1
n1/2
.
These estimates are considerably lower than computational results. This should
mean that the numbers of type abc2 − abc · cba and abc3 − abc · cba are not entirely
random.
As we discussed above, all three equations have special solutions, which makes
the number of solutions infinite. For proper estimate of the density of solutions, we
should take into account these special solutions. However, it is quite likely that we
didn’t find all special solutions.
As for the density of the solutions for equation (1.3), they are certainly not random
- almost all solutions are symmetric numbers. Among all 102k 2k-digit numbers,
10k are symmetric numbers, and among all 102k+1 (2k+1)-digit numbers, 10k+1 are
symmetric numbers.
There are no non-symmetric solutions among those we found. Possibly our es-
timate of the density of solutions, not counting symmetric ones, is correct in this
case.
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